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Abstract 

Let 7(G) denote the domination number of a graph G. A Roman domination 
function of a graph G is a function f : V {0,1,2} such that every vertex with 
has a neighbor with 2. The Roman domination number ^r{G) is the minimum of 
f{y{G)) = T,y^yf{v) over ah such functions. Let GU\H denote the Cartesian product 
of graphs G and H. We prove that j{G)^{H) < ^Pi{GUH) for all simple graphs G 
and which is an improvement of j{G)^{H) < 2'y{Gn\H) given by Clark and Suen 
[I], since -f{GaH) < -iR{GUH) < 2-f{G\JH). 
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1 Introduction 

In this note, we consider simple finite graphs only and follow ||4j for terminology and defini- 
tions. 

let G = (V, E) be a graph with vertex set V and edge set E. For any vertex v & V, the 
open neighborhood of v is the set N{v) = {u ^ V \ uv & E} and the closed neighborhood is 
the set N[v] = N{v) U {v}. For a set 5 C V, the open neighborhood is N{S) = IJ«g5 ^(^) 
and the closed neighborhood is N[S] = N{S) US. A set 5* C is a dominating set of G if 
every vertex not in S is adjacent to a vertex in S. The domination number of G, denoted by 
7(G), is the minimum cardinality of a dominating set. A domination set of cardinality 7(G) 
is called a 'y-set of G. Recently, a variant of the domination number — Roman domination 
number is suggested by Stewart [5J. A Roman dominating function (RDF) on a graph 
G = (V, E) is a function f : V {0, 1, 2} satisfying the condition that every vertex u for 
which f{u) = is adjacent to at least one vertex v for which f{u) = 2. The weight of / 
is f{V{G)) = Ti^(zvf{v). The Roman domination number, denoted by 7j?(G), equals the 
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minimum weight of an RDF of G, and we say that a function / is a 'yii{G) -function if it is 
an RDF and fiV{G)) = 7jj(G'). For a graph G, let f : V ^ {0, 1,2}, and let (Vq, Vi, V2) 
be the order partition of V induced by /, where Vi = {v & V{.G) \ f{v) = i} for i = 0,1, 2. 
Note that there exists a 1-1 correspondence between the functions f : V ^ {0,1, 2} and the 
ordered partitions (Vq, Vi, V2) of V{G). Thus we will write / = (Vq, Vi, V2). 

Cockayne et al. [2] showed the following results. 
Lemma 1. ([2J) For any graph G, 7(G) < 7/j(G) < 27(G). 

Lemma 2. ([2J) Let f = (Vq, Vi, V2) &e an?/ 'Jr^G) -function. Then V2 is a •y-set ci/G[VoU V2]. 

For a pair of graphs G and iJ, the Cartesian product GDif of G and -ff is the graph 
with vertex set V{G) x V{H) and where two vertices are adjacent if and only if they are 
equal in one coordinate and adjacent in the other. In 1963, V. G. Vizing [6] conjectured the 
following: 

Vizing's Conjecture. For any graphs G and H, '~f{G)y{H) < y{G\I\H). 

We note that there are graphs G and H for which the above equality holds. The reader 
is referred to Hartnell and Rail [3] for a summary of recent progress on Vizing's conjecture. 
Recently, Clark and Suen [T] gave the following result. 

Theorem 1. ([Ij) For any graphs G and H, -f{G)-f{H) < 2-f{GnH). 

We shall show in this note that 'y{G)'y{H) < 7ij(Gnif), which is an improvement of 
7(G)7(i/) < 2-f{GnH) by Lemma [H 

2 Main results 

Theorem 2. For any graphs G and H , 

l{GHH)<jn{GDH). 

Proof. Let / = {Vq, Vi, V2) be any 7ij(Gni/)-function of graph GDH. Denote D = ViU V2. 
By Lemma [2], D and V2 are domination set of graphs GDH and GDH — Vi, respectively. 
Let {ui,U2, ■ ■ ■ ,u-y(^G)} be a dominating set of G. Then we partition V{G) into 7(G) sets 
{Hi, 112, ... , n^(G)} satisfying the following properties: 

(i) UiEUi, 

(ii) M e Ilj implies u = Ui or u is adjacent to Ui. 

Note that this partition is not unique. The partition of V{G) induces a partition 
{Di, D2,..., -D^(G)} of D where 

A = (n, X v{H)) n D. 
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Let Pi be the projection of Di onto H. Then 

Pi = {v\ {u, v) G Di for some u G Ilj}. 

For any i, Pi U {V{H) — NnlPi]) is a dominating set of H, so the number of vertices in V{H) 
not dominated by Pi satisfies the inequahty 

\ViH)-NHm>liH)-\P,\. (1) 

For V G V{H), denote 

Q. = V2n {V{G) X {v}) = {{u, v)eV2\ue V{G)}, 

let C be the subset of {1,2,..., 7(6')} x V{H) given by 

C = {{t,v)\U,x {v} C NgdhIQv]}. 

Set 

= {(^,t;)GC|t;Gn^)}, 
= {{i,v)eC\l<t<-f{G)}. 

It is clear that 

7(G) 

i=l v£V{H) 

If f G V{H) — NnlPi], then the vertices in Ilj x {v} must be dominated by vertices in Q^j 
since Ilj x {v} ^ D and V2 is a dominating set of graph G\I\H — Vi. Therefore {i,v) G Lj. 
This implies that |Li| > \V{H) - NH[Pi]\. Hence 

7(G) 

N>Y,\V{H)-NHm 

Now it follows from ([1]) that 

7(G) 

N > j{GMH)-Y,\P,\ 

i=l 
7(G) 

> j{GMH)-j2m. 

i=l 

So we obtain the following lower bound for A^. 

N > i{G)^{H) - \D\ = ^{G)^{H) - \Vi\ - \V2\. (2) 
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For each v G V{H), < \Q.o\- If it is not true, then 

{u\{u,v)e Qy} U { I (j, v) ^ Ry} 
is a dominating set of G with cardinahty 

m + (7(G) - = 7(G) - (|i?.| - IQ.I) < 7(G), 
and we have a contradiction. This observation shows a upper bound for A^. 

N= I^-I^ 1^-1 = l^2|. (3) 

v(iV{H) veV{H) 

It follows from and Q that 

j{G)j{H) - - IV2I < AT < 1^2!, 

So we get 7(G)7(i/) < + 2IV2I = 7i?XGn/f). □ 

Remark: One may wonder if there is a similar result on Roman domination number as 
Vizing's conjecture. In fact, there are examples showing the inequality 7/j(G)7ij(iy) < 
iRiGDH) fails, e.g., ^r{K2) = 2, but ^R{K2nK2) = 3. 
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